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Conjecture of Beal 

Initially I will demonstrate some easy lemas I did not find in any book, perhaps because I do 
not know so much. 

Lemma 1. A ■ B mod A ■ C = A ■ (B mod C) 

A • B - div(A-B, A-C) • A • C = A • (B - div(B, C) • C) 
Demonstrated. 
Lemma 2. A-(B mod C) + C-(B mod A) = (A + C) ■ B (mod A-C) 

((A + C)- B) mod A-C = 
(A-B + C-B)mod A-C = 

[(A-B) mod A-C + (C-B) mod A-C ] mod A-C = 

[A-(B mod C) + C-(B mod A) ] mod A-C by lemma 1 

Demonstrated. 



Lemma 3. A x = B" (mod n), then ±A = B (mod n) when x is even and A=B (mod n) when x is 
odd 

1. A x =B x (modn) 

2. A = B-e j ' 2 ' n K/x (mod n) here we have the x solutions using the F.Theorem of A. 

3. e i2nK/x is integer 

4. 2-n-K/x = (modn) 

5. If x is odd then exists a k where e j ' 2 '" ' K/x = 1 

6. If x is even then exists two k's where e J ' 2 ' n ' K/x = ±1 

Demonstrated. 

From this point the rest of the steps need to get studied with simetries. To show the same all 
steps could be weirder that if we avoid doing that. 
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If we say that a, b and c are coprimes and one of them is greater than the other two... Initially 
we can considear that t»a, if we say that a>b the way of demonstrating will be exactly the 
same. 

1. a x = b y + c z , with a, b, c coprimes and b > c 

in fact, we will take z > 2, so z = 2'-z', with i > 0, z' > 1 

then, if z is even c cannot be prime (we can work with z' > 1 like exponent) 

2. I define b = brb 2 

3. I define c = (ci- bi + c 2 ) ■ c 3 , with c 2 < b 1( c 3 > 1 

4. b! • (c z mod b 2 ) + b 2 • (c z mod b x ) = (b x + b 2 ) • c z (mod b) by Iemma2: 1, 2 

5. bi • (c z mod b 2 ) + b 2 • (c 2 z • c 3 z mod bi) = (bi + b 2 ) • c z (mod b) from 4, 3 

6. b 2 • (c 2 z • c 3 z mod b^ = b 2 • c z (mod b) from 5, 2(*) 

(*) We are looking for a contradiction, we can avoid solutions. 

7. c 2 z • c 3 z mod bi = c z (mod b) from 6 

8. Suppose z even 

1. ± c 2 • c 3 mod b 1 = c (mod b) from lemma 3, 7 

2. ± c 2 • c 3 mod bi = (cr bi + c 2 ) • c 3 (mod b) from 3, 8.1 

3. If we study - c 2 • c 3 mod bi = (c^ bi + c 2 ) • c 3 (mod b) 

we will take the other branch for the case z odd 

4. c = (K-b - c 2 ) • c 3 , with c 2 < bi from 3, 8.3, 2 

5. K-b-c 2 <b from 8.4, 3 

6. b-(K-l)<c 2 from 8.5 

7. b-(K-l) < bi from 8.6, 8.4 

8. K=l from 8.7; K cannot be 0, because 8.4 

9. c = (b - c 2 ) • c 3 from 8.4, 8.8 

10. (b-c 2 ) • c 3 < b from 8.9, 1 

11. b- (c 3 - 1) <c 2 - c 3 from 8.10 

12. b-(c 3 -l)<b from 8.11,3 

13. c 3 < 2 so c must be prime 

14. Impossible from 1, 8.15 

9. Otherwise, c 2 • c 3 mod bi = (cr bi + c 2 ) ■ c 3 (mod b) (z odd) by lemma 3, 7,8.14, 8 

10. d- bi • c 3 = (mod b) from 9, 2 

11. Ci- c 3 = K'- b 2 by Lemma 1, 2, 10 

12. c = K' • b 2 • bi + c 2 • c 3 from 11, 3 

13. c = K' • b + c 2 • c 3 < b from 2, 1 

14. K' = from 13 

15. cr c 3 = from 14, 11 

16. ci = from 15, 3, 1 

17. c = c 2 • c 3 , with c 2 < bi, c 3 > 1 from 16, 3, 1 

At this point we can easily demonstrate using the same steps and a = ar a 2 that: 

I) c 3 <b 2 

II) a^bj 

III) a 2 <b 2 
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Now we are prepared to initiate the demonstration by refutation, that is, the 7 th first steps are 
the initialization. We will forget only the K and K' values: 

1. a x = b v + c z , a, b, c coprimes and b > c 

in fact, we will take z > 2, so z = 2'-z', with i > 0, z' > 1 

then, if z is even c cannot be prime (we can work with z' > 1 like exponent) 

2. I define b = brb 2 

3. I define c = c 2 • c 3 , with c 2 < b 1( c 3 > 1 

4. I define c 3 < b 2 

5. I define ai < bi 

6. I define a 2 < b 2 

7. I define a = a^ a 2 

8. I define bi= b 4 • ai+ b 3 , where < b 3 < ai 

9. a x = (b 4 • aj + b 3) v b 2 v + c z from 1, 8 

10. b 2 -( b 3 y b 2 v + c z ) + a r c z = (b 2 +ai) • a x (mod b 2 - a^ by lemma 2, 9 

11. b 2 -b 3 y b 2 y + (b 2 + a 1 )-c z =(b 2 +a 1 )(b v + c z ) (mod^-a^ from 10 

12. b 3 y b 2 y = b y (mod b 2 • a^ from 11, 2, 1 

13. ± b 3 b 2 = b (mod b 2 - aj by lemma 3 

14. ±b 3 b 2 = (b 4 • ai+ b 3 )- b 2 (mod b 2 - a^ from 8, 2, 13 

15. Suppose -b 3 b 2 = (b 4 • a^ b 3 )- b 2 (mod b 2 - a^ from 14 

1. b 4 • aj- b 2 + 2- b 3 - b 2 = (mod b 2 - a^ from 15 

2. 2- b 3 - b 2 = (mod b 2 • a^ from 15.1 

3. b 3 = 0(moda!) so a and b not coprimes b 2 > because 2 

4. Impossible a and b not coprimes from 1 from 15.3 

16. b 3 = b 4 - ai+ b 3 (modb 2 -ai) from 15.4, 15 

17. = b 4 ■ a a (modb 2 -a!) from 16 

18. = b 4 (mod b 2 ) from 17, a^O because 7 

19. K- b 2 = b 4 from 18 

20. b=(K-b 2 -a!+b 3 )-b 2 from 8, 2, 19 

21. b=b 3 -b 2 (mod b 2 2 ) from 20 

22. (b 4 - ai+b 3 ) • b 2 = b 3 • b 2 (mod b 2 2 ) from 8, 21, 2 

23. b 4 -a!=0 (mod b 2 2 ) from 22 

24. K-b 2 -a!=0 (mod b 2 2 ) from 23, 19 

25. K-ai=0 (mod b 2 ) by lemma 1 from 24 

26. K = (mod b 2 ) from 25 

27. b = (K 3) - b 2 2 • a! + b 3 ) • b 2 from 20, 26 

28. b = K ■ b 2 ' • ai + b 3 ■ b 2 , where K 1 ' = K ■ b 2 we define K 1 ' repeating the process 

29. K = there is an i where b< b 2 ', so K<1 

30. b 4 = from 19, 29 

31. bi= b 3 , where < b 3 < ai from 30, 8 

32. Impossible from 31, 5 
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